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Abstract
In this text we investigate the good behaviour of the elementary obstruction,
introduced by Colliot-The´le`ne and Sansuc [3]. This is an obstruction to the exis-
tence of a rational points on certain algebraic varieties. Assuming some conditions
on the Picard group, we prove that the elementary obstruction behaves well under
the Weil restriction of a variety.
1 Introduction
For a field k and a varietyX over k (i.e. a separated k-scheme of finite type), questions
concerning k-rational points of X have been studied since ages. Different aspects
arise in this area of research. In this paper we will focus on a certain obstruction to
the existence of a rational point, namely the elementary obstruction, introduced by
Colliot-The´le`ne and Sansuc [3, Sec. 2.2].
Let k¯ be a separable closure of k and Γ = Gal(k¯/k). If X is a smooth, geometri-
cally integral variety over k, the elementary obstruction ob(X) of X is defined as the
class of the exact sequence of left Γ-modules
OB(X) := 1→ k¯× → k¯(X)× → k¯(X)×/k¯× → 1
in Ext1Γ(k¯(X)×/k¯×, k¯×). Note that we use the common notation k¯(X) for the func-
tion field of X = X ×k k¯. Analogously, we will denote k¯[X ] to be ring of regular
functions on X . If X contains a k-rational point, then ob(X) = 0 [3, Prop. 2.2.2].
Furthermore, if k¯[X ]× = k¯×, the class of
E(X) := 1→ k¯× → k¯(X)× → Div(X)→ Pic(X)→ 1
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in Ext2Γ(Pic(X), k¯×) is denoted by e(X). Colliot-The´le`ne and Sansuc showed that the
morphism
δ : Ext1Γ(k¯(X)
×/k¯×, k¯×)→ Ext2Γ(Pic(X), k¯×),
which arises in the long exact sequence induced by
1→ k¯(X)×/k¯× → Div(X)→ Pic(X)→ 1,
is injective and that δ(ob(X)) = e(X) [3, Prop. 2.2.4]. This is a consequence of
Shapiro’s Lemma and Hilbert 90. Therefore it is also justified to say e(X) is the el-
ementary obstruction of X . In this paper we will mainly use this definition for the
elementary obstruction.
Several authors have been wondering whether the elementary obstruction behaves
well under classical geometric constructions. A first observation is that the elemen-
tary obstruction is a birational invariant, since birationally equivalent varieties have
isomorphic function fields. Wittenberg proved being zero behaves well under ratio-
nal maps [9, Lem. 3.1.2]. Borovoi, Colliot-The´le`ne and Skorobogatov wondered
whether being zero behaves well under base extension (i.e. whether ob(X) = 0 im-
plies ob(X ×kK) = 0 forK ⊃ k and X a smooth, geometrically integral variety over
k) [1, Sec. 2]. They gave several (partial) positive answers to this question. Wittenberg
gave a positive answer to this question for arbitrary (smooth, proper, geometrically in-
tegral) X when K is a p-adic or real closed field [9, Cor. 3.2.3] or when k is a number
field and the Tate-Shafarevich group of the Picard variety of X is finite [9, Cor. 3.3.2].
But recently he gave a negative answer to this question by producing a counterexample
over C((t)) (not published yet).
In this paper we focus on the question whether being zero behaves well under the
Weil restriction of varieties. To describe the problem more explicitely, we first recall
the definition of the Weil restriction.
Definition 1. Let k be a field and k′ a finite field extension of k. Let X be a variety
defined over k′. We say a variety Rk′/kX over k is the Weil restriction of X if there is
a k′-morphism ϕ : Rk′/kX×kk′ → X such that for any k-variety Y and k′-morphism
f : Y ×k k
′ → X , a unique k-morphism g : Y →Rk′/kX exists such that ϕ ◦ g′ = f ,
where g′ : Y ×k k′ → Rk′/kX ×k k′ is the k′-morphism induced by g. If the Weil
restriction exists, it is unique up to k-isomorphism.
There is a well known proposition that guarantees the existence of the Weil restriction
under the assumption of some conditions.
Proposition 2. Let k be a field, k¯ a separable closure and k′ a finite subextension of
k in k¯. Denote Γ = Gal(k¯/k), H = Gal(k¯/k′) and let X be a quasiprojective variety
over k′. The Weil restriction Rk′/kX of X exists, and
Rk′/kX ×k k¯ =
∏
[σ]∈H\Γ
σX
where σX is the k¯-variety obtained by base extension of X ×k k¯ by σ : k¯ → k¯ and
H\Γ are the right cosets of H in Γ. The k′-morphism ϕ : Rk′/kX ×k k′ → X is
obtained by descent theory from its base extension ϕ : Rk′/kX → X , which is the
projection onto the factor (id)X .
For the proof we refer to [7, Prop. 16.26]. Remark that if [σ] = [τ ] ∈ Γ/H , the univer-
sal property of fibre products garantuees σX and τX to be isomorphic as k¯-varieties.
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The universal property of the Weil restriction implies also a 1-1 correspondence be-
tween Rk′/kX(k) and X(k′), since rational points are equivalent with sections of the
structure morphism. As there is a natural connection between rational points of a vari-
ety and its Weil restriction, it is natural to ask the following question.
Question 3. Let k be a field and k′ a finite field extension. Suppose X is a smooth,
geometrically integral variety over k′ such that the Weil restriction Rk′/kX exists.
Does e(X) = 0 implies e(Rk′/kX) = 0 and vice versa?
We will answer this question partially positively (Proposition 10 and Theorem 13),
but first we will give a result on the elementary obstruction of a product variety (The-
orem 4), as Proposition 2 tells us that the Weil restriction is closely related to product
varieties.
2 Product varieties
In this section let k be a field, k¯ a separable closure and Γ = Gal(k¯/k). Let X and Y
be two smooth geometrically integral varieties over k, then the following theorem is a
merely homological result.
Theorem 4. The multiplication Γ-morphism pi : k¯(X)×/k¯×⊕ k¯(Y )×/k¯× → k¯(X×k
Y )×/k¯× induces a morphism by pullback
pi∗′ : Ext1Γ(k¯(X ×k Y )
×/k¯×, k¯×)→
Ext1Γ(k¯(X)
×/k¯×, k¯×)⊕ Ext1Γ(k¯(Y )
×/k¯×, k¯×)
such that pi∗′(ob(X ×k Y )) = (ob(X), ob(Y )). If k¯[X ]× = k¯× = k¯[Y ]×, then the
Γ-morphismψ : Pic(X)⊕Pic(Y )→ Pic(X×k¯Y ) defined by pullback of line bundles,
induces a morphism
ψ∗′ : Ext2Γ(Pic(X ×k¯ Y ), k¯×)→ Ext
2
Γ(Pic(X), k¯×)⊕ Ext
2
Γ(Pic(Y ), k¯×)
such that ψ∗′(e(X ×k Y )) = (e(X), e(Y )). Even more pi∗′ and ψ∗′ commute with the
natural inclusions in the following commutative diagram:
Ext1Γ(k¯(Y )
×/k¯×, k¯×)⊕ Ext1Γ(k¯(Y )
×/k¯×, k¯×)
δ

Ext2Γ(Pic(X), k¯×)⊕ Ext
2
Γ(Pic(Y ), k¯×).
Ext1Γ(k¯(X ×k Y )
×/k¯×, k¯×)
δ

pi∗′
,,ZZZZZZ
Z
Ext2Γ(Pic(X ×k¯ Y ), k¯×) ψ∗′
,,ZZZZZZ
Z
If pi or ψ is an isomorphism, then e(X ×k Y ) = 0 (resp. ob(X ×k Y ) = 0) if and only
if e(X) = 0 and e(Y ) = 0 (resp. ob(X) = 0 and ob(Y ) = 0).
Remark 5. Note that ifX and Y are smooth geometrically integral varieties satisfying
k¯[X ]× = k¯× = k¯[Y ]×, then X ×k Y is also smooth geometrically integral, and by
a result of Rosenlicht [8, Thm. 2] it satisfies k¯[X ×k Y ]× = k¯×. So speaking about
e(X ×k Y ) in the second case does make sense.
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Proof. If we denote the canonical isomorphism
Ext1Γ(k¯(X)
×/k¯× ⊕ k¯(Y )×/k¯×, k¯×) ∼=
Ext1Γ(k¯(X)
×/k¯×, k¯×)⊕ Ext1Γ(k¯(Y )
×/k¯×, k¯×)
by ϕ, then pi∗′ := ϕ ◦ pi∗ is the required morphism, where
pi∗ : Ext1Γ(k¯(X ×k Y )
×/k¯×, k¯×)→ Ext1Γ(k¯(X)
×/k¯× ⊕ k¯(Y )×/k¯×, k¯×)
is the pullback of 1-extensions by pi. We now prove the assertion on the elementary
obstruction.
We surely have a morphism of short exact sequences which consists of product
morphisms:
1

1

k¯× ⊕ k¯×

pi1 // k¯×

k¯(X)× ⊕ k¯(Y )×

pi2 // k¯(X ×k Y )×

k¯(X)×/k¯× ⊕ k¯(Y )×/k¯×

pi3=pi // k¯(X ×k Y )×/k¯×

1 1.
Denote the left short exact sequence by E(X) ⊕ E(Y ). By the notation introduced
in the introduction, the right short exact sequence is denoted by E(X ×k Y ). By the
general theory of Yoneda extensions [6, Ch. III], we get
ϕ−1(e(X), e(Y )) = [pi1(E(X)⊕ E(Y ))] = [E(X ×k Y )pi3] = pi
∗(e(X ×k Y )),
where pi1(E(X) ⊕ E(Y )) denotes the pushforward of the Yoneda extension E(X) ⊕
E(Y ) by pi1 and E(X×k Y )pi3 denotes the pullback of the Yoneda extensionE(X×k
Y ) by pi3. This proves the first part.
The second part is proved analogously, usingΓ-morphismspi4 : Div(X)⊕Div(Y )→
Div(X×k¯ Y ) and ψ : Pic(X)⊕Pic(Y )→ Pic(X×k¯ Y ). The commutativity assertion
follows from the following morphism of short exact sequences
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1
1

k¯(X)×/k¯× ⊕ k¯(Y )×/k¯×

pi3 // k¯(X ×k Y )×/k¯×

Div(X)⊕ Div(Y )

pi4 // Div(X ×k¯ Y )

Pic(X)⊕ Pic(Y )

pi5=ψ // Pic(X ×k¯ Y )

1 1.
which induces a morphism of long exact sequences, by Shapiro’s lemma and Hilbert
90 containing the required diagram.
So we see that in any case e(X) = 0 and e(Y ) = 0 (resp. ob(X) = 0 and
ob(Y ) = 0) if e(X×Y ) = 0 (resp. ob(X×Y ) = 0). If ψ (resp. pi) is an isomorphism,
ψ∗′ (resp. pi∗′) will be so too, so in one of these cases the inverse implication holds as
well (recall that e(−) = 0 if and only if ob(−) = 0). 
Remark 6. A known result says that if X and Y are varieties over separable closed
field k¯, then as groups the morphism ψ : Pic(X)⊕Pic(Y )→ Pic(X×k¯ Y ), defined by
pull-backs, has a section. This section restricts a line bundle onX×k Y to x0×Y and
X×y0 where x0 and y0 are base points onX and Y . So as groups Pic(X)⊕Pic(Y ) is
a direct summand of Pic(X×k¯Y ). This looks interesting to get more information on the
structure of Ext2Γ(Pic(X ×k¯ Y ), k¯×). In our case however, X and Y are defined over
a not necessarily separably closed field k and ψ : Pic(X)⊕Pic(Y )→ Pic(X×k¯ Y ) is
a Γ-morphism, but the section is not necessarily a Γ-morphism since the base points do
not have to behave well (if we do not know anything about the existence of k-rational
points on X and Y ). So we can not use this result to extend the previous theorem in a
direct way. However, we do retrieve ψ is injective.
Off course ψ : Pic(X) ⊕ Pic(Y ) → Pic(X ×k¯ Y ) does not need to be an isomor-
phism, the product of an elliptic curve with itself delivering a counterexample [5, Ch.
IV, Ex. 4.10]. We can however give sufficient conditions for ψ to be an isomorphism.
This will involve the notion of the relative Picard functor and the Picard variety. If
X is a smooth, geometrically integral, projective variety over a field k, we denote the
relative Picard functor by P icX/k , which is representable by a group variety Pic(X),
the Picard variety. Denote by Pic0(X) the zerocomponent of Pic(X). (See [2, Ch. 8]
for more information.)
Proposition 7. If X is projective and Pic0(X) = 0, then ψ : Pic(X) ⊕ Pic(Y ) →
Pic(X ×k¯ Y ) is a Γ-isomorphism.
Proof. By Remark 6 we know that ψ is injective, so it is sufficient to prove coker ψ =
0. By definition
P icX/k¯(Y ) = Pic(X ×k¯ Y )/Pic(Y ) ∼= Homk¯(Y ,Pic(X)).
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Any f ∈ Homk¯(Y ,Pic(X)) has a connected image, but since Pic0(X) = 0, the con-
nected components of Pic(X) are its points. So Homk¯(Y ,Pic(X)) consists of the
constant maps onto a point of Pic(X). This does not depend on Y , so
Homk¯(Y ,Pic(X)) ∼= Homk¯(k¯,Pic(X)) ∼= Pic(X).
Because these isomorphisms are induced by the representability of the Picard functor,
coker ψ = Pic(X ×k¯ Y )/Pic(Y )
Pic(X)
=
Pic(X)
Pic(X)
= 0.

Proposition 8. If X is quasiprojective, char(k) = 0 and Pic(X) is finitely generated,
then Pic(X)⊕ Pic(Y ) ∼= Pic(X ×k¯ Y ).
Proof. Say X ⊂ X1 for a projective variety X1. Since char(k) = 0, there exists
a (smooth, projective) Hironaka desingularisation X ′ of X1. As X is smooth, X is
isomorphic to an open of X ′. So without loss of generality we assume X is an open
part of X ′. The exact sequence
DivX′\X(X ′)→ Pic(X ′)→ Pic(X)→ 0
induces Pic(X ′) to be finitely generated, as Pic(X) and DivX′\X(X) are finitely gen-
erated. (DivX′\X(X) are the divisors on X ′ with support outside X .)
It suffices to prove Pic(X ′×k¯Y ) ∼= Pic(X ′)⊕Pic(Y ) as this will induce Pic(X×k¯
Y ) ∼= Pic(X)⊕ Pic(Y ). Indeed, there is a commutative diagram
0 // Pic(X ′)⊕ Pic(Y ) //

Pic(X ′ ×k¯ Y )

0 // Pic(X)⊕ Pic(Y ) //

Pic(X ×k¯ Y )

0 0
where the vertical arrows are the surjective restriction morphisms. If the injection of
the first row turns out to be an isomorphism, then the injection of the bottom row should
also be surjective, hence an isomorphism.
Because Pic(X ′) is finitely generated, we have Pic0(X ′) = 0. Indeed, if Pic0(X ′) 6=
0, then Pic0(X ′) is an abelian variety of dimension m > 0 whose group of k¯-points is
finitely generated as Pic(X ′) = Homk¯(k¯,Pic(X ′)) is finitely generated. On the other
hand the group of k¯-points of an abelian variety is divisible [4, Thm. 2]. But a divisible,
non-trivial, finitely generated group does not exist. In this way we get a contradiction
and so the proposition follows by Proposition 7. 
Consequently we obtain the following result.
Corollary 9. Let X and Y be a smooth, geometrically integral varieties over a field k
with k¯[X ]× = k¯× = k¯[Y ]×. Let k¯ be a separable closure of k and Γ = Gal(k¯/k). If
one of the following conditions holds
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(i) X is projective and Pic0(X) = 0, or
(ii) X is quasiprojective, char(k) = 0 and Pic(X) is finitely generated,
then
ψ∗′ : Ext2Γ(Pic(X ×k¯ Y ), k¯×)→ Ext
2
Γ(Pic(X), k¯×)⊕ Ext
2
Γ(Pic(Y ), k¯×)
is an isomorphism such that ψ∗′(e(X ×k Y )) = (e(X), e(Y )).
So if one of the conditions is true, e(X ×k Y ) = 0 if and only if e(X) = 0 and
e(Y ) = 0.
3 Weil restriction
Knowing more on the case of product varieties, we proceed to the Weil restriction.
Throughout this section we will assume k is a field, k¯ is a separable closure of k and k′
is a finite subextension of k in k¯. Denote Γ = Gal(k¯/k), H = Gal(k¯/k′), and let X be
a smooth, geometrically integral, quasiprojective variety over k′. In this case the Weil
restriction of X exists by Proposition 2 and we abbreviate it as R.
Proposition 10. The natural H-morphism k¯(X)× → k¯(R)× induces a pullback of
1-extensions
Π∗ : Ext1Γ(k¯(R)
×/k¯×, k¯×)→ Ext1H(k¯(X)
×/k¯×, k¯×),
with Π∗(ob(R)) = ob(X). If furthermore k¯[X ]× = k¯×, then the naturalH-morphism
Pic(X)→ Pic(R) induces a pullback of 2-extensions
Φ∗ : Ext2Γ(Pic(R), k¯×)→ Ext
2
H(Pic(X), k¯×),
with Φ∗(e(R)) = e(X). As in Theorem 4 these morphisms commute with the natural
inclusions sending ob(−) to e(−).
Remark 11. The natural H-morphisms mentioned in the proposition are induced by
Theorem 2. This proposition gives a k′-morphism ϕ : R ×k k′ → X retrieved by
descent from the k¯-projection ϕ : R → X . This morphism ϕ gives by pullback of
principle divisors and line bundles the required H-morphisms.
Remark 12. As in Remark 5 it is true that k¯[R]× = k¯× provided k¯[X ]× = k¯×. So it
makes sense to speak about e(R) if at first glance we only require k¯[X ]× = k¯×.
Proof. We give the proof of the assertion on 2-extensions. The assertion on 1-extensions
follows in the same way, and the commutative part will follow as in Theorem 4.
Denote the H-morphism Pic(X)→ Pic(R) by ϕ′. This induces a pullback
ϕ′∗ : Ext2H(Pic(R), k¯×)→ Ext2H(Pic(X), k¯×).
If we use the forgetful map
pi : Ext2Γ(Pic(R), k¯×)→ Ext
2
H(Pic(R), k¯×),
we get the required morphism Φ∗ = ϕ′∗ ◦ pi.
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To prove Φ∗(e(R)) = e(X), we use the following morphism of H-extensions
E(X) = 1 // k¯× //
id

k¯(X)× //

Div(X) //

Pic(X) //
ϕ′

1
E(R) = 1 // k¯× // k¯(R)× // Div(R) // Pic(R) // 1.
As it is clear that the H-equivalence class of E(R) equals pi([e(R)]), we get from
elementary homological reasons
Φ∗(e(R)) = ϕ′∗(pi([e(R)])) = [E(X)] = e(X).

So e(R) = 0 implies e(X) = 0. We proceed figuring out when the converse
is true. This will hold in the very same situation as the converse holds for product
varieties. To prove this, we will use the notion of induced group module, with some
corresponding notation. Let G be a profinite group, H a subgroup of G and A a left
H-module, then the induced G-module is IndGH(A) := Z[G] ⊗Z[H] A, where Z[G] is
considered as a right Z[H ]-module. This is a left G-module, theG-action is defined by
γ′(γ ⊗ a) = γ′γ ⊗ a for any a ∈ A and γ, γ′ ∈ G. If A andB are left H-modules and
f : A→ B is an H-morphism, then we get an inducedG-morphism
IndGH(f) : IndGH(A)→ IndGH(B) defined by γ ⊗ a 7→ γ ⊗ f(a),
for any a ∈ A and γ ∈ G. If B is also a left G-module, we write IndGH(f)′ for the
G-morphism pi ◦ IndGH(f) with
pi : IndGH(B)→ B defined by γ ⊗ b 7→ γb.
If E is an exact sequence
A1
f1 // A2
f2 // A3,
then we get an induced exact sequence IndGH(E)
IndGH(A1)
f˜1 // IndGH(A2)
f˜2 // IndGH(A3),
where we have denoted f˜i := IndGH(fi) for sake of simplicity.
Theorem 13. If k¯[X ]× = k¯× and if one of the two following conditions is true
(i) X is projective and Pic0(X) = 0, or
(ii) X is quasiprojective, char(k) = 0 and Pic(X) is finitely generated,
then Φ∗ of Proposition 10 is an isomorphism.
Proof. We will prove this result by giving another description of Φ∗.
If ϕ′ is the H-morphism Pic(X) → Pic(R) as defined in the proof of Proposition
10, the induced Γ-morphism IndΓH(ϕ′)′ : IndΓH(Pic(X))→ Pic(R) gives a pullback of
2-extensions,
IndΓH(ϕ′)′∗ : Ext2Γ(Pic(R), k¯×)→ Ext2Γ(IndΓHPic(X), k¯×).
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Furthermore say pi′ is the forgetful map
pi′ : Ext2Γ(IndΓH(Pic(X)), k¯×))→ Ext2H(IndΓH(Pic(X)), k¯×))
and
i∗ : Ext2H(IndΓH(Pic(X)), k¯×))→ Ext2H(Pic(X), k¯×))
the pullback by i : Pic(X) → IndΓH(Pic(X)) : L 7→ id ⊗ L. So we end up in the
following situation:
Ext2Γ(Pic(R), k¯×)
pi // Ext2H(Pic(R), k¯×)
ϕ′∗
// Ext2H(Pic(X), k¯×)
Ext2Γ(IndΓH(Pic(X)), k¯×)
pi′ //

IndΓ
H
(ϕ′)′∗
????????
Ext2H(IndΓH(Pic(X)), k¯×).
i∗
BB

We will prove Φ∗ = ϕ′∗ ◦ pi is an isomorphism by proving that i∗ ◦ pi′ ◦ IndΓH(ϕ′)′∗
is an isomorphism and that the diagram above commutes. The latter follows directly
from elementary homological reasons.
To prove the former, first observe that i∗◦pi′ is an isomorphism by Shapiro’s Lemma
as it has an inverse IndΓH(id)′∗ ◦ IndΓH with
IndΓH : Ext2H(Pic(X), k¯×)→ Ext2Γ(IndΓH(Pic(X)), IndΓH(k¯×)) :
[E] 7→ [IndΓH(E)]
and IndΓH(id)′∗ the pushforward
Ext2Γ(IndΓH(Pic(X)), IndΓH(k¯×))→ Ext2Γ(IndΓH(Pic(X)), k¯×)
by IndΓH(id)′ : IndΓH(k¯×)→ k¯×. This is indeed an inverse by elementary homological
reasons.
So it remains to prove IndΓH(ϕ′)′∗ is an isomorphism. Therefore we first choose a
set of representatives {σ1, . . . , σn} of the classes of H\Γ with σ1 = id.
If Condition (i) or (ii) is true, then pullback along all components
ψ :
n⊕
i=1
Pic(σiX)→ Pic(R)
is an isomorphism of H-modules by Proposition 7 and 8. We will prove there is a 1-1
correspondence τ : IndΓH(Pic(X)) →
⊕n
i=1 Pic(σiX) and that ψ ◦ τ = Ind
Γ
H(ϕ
′)′,
hence inducing IndΓH(ϕ′)′ is an isomorphism.
First remark that for all i = 1, . . . , n, base extension by σi induces a bijection
Bi : Pic(X) → Pic(σiX) which does not need to be a H-morphism as H does not
necessarily commute with σi. There are also H-morphisms ψi : Pic(σiX) → Pic(R)
induced by projection on the i-th factor, so ψ = ∑ni=1 ψi and ψ1 = ϕ′. It is easy to see
theBi and ψi relate in the following way σ
−1
i ψi(Bi(L)) = ψ1(L) for any L ∈ Pic(X).
To define τ , it satisfies defining τ(γ ⊗L) for any L ∈ Pic(X) and γ ∈ Γ. Suppose
γ = σih for h ∈ H and 1 ≤ i ≤ n, then we set τ(γ ⊗ L) with 0 as [σj ]-components
for j 6= i and Bi(hL) as [σi]-component. This is well defined and as all the Bi are
bijections, τ is indeed a 1-1 correspondence. Even more
ψ ◦ τ(γ ⊗ L) = ψi(Bi(
hL)) = σiψ1(
hL) = γψ1(L) = IndΓH(ϕ′)′(γ ⊗ L).

So if one of the two conditions holds, e(X) = 0 if and only if e(R) = 0.
9
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